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Particle transport in microchannel is presented. This article focuses on situations in which
the sizes of the particles are comparable to the sizes of the channels. These solid bodies are
sufficiently large that momentum is exchanged between the bodies and the flowing fluid. As
a result, the solid bodies affect the fluid flow significantly, and vice versa, resulting in a transient process in which the motions of the solid bodies and the flow field are strongly coupled.
The flow field and the particulate flow must then be solved simultaneously. The solid bodies
are modeled as a fluid constraint to move with rigid body motion. The solid–fluid interface is
described using a distance function. For demonstration purposes, the finite-volume method
is used to solve the resulting set of governing equations. The present approach is validated
against (1) flow around stationary, (2) flow around forced rotating, (3) flow around freely
rotating cylinders, and (4) sedimentation of a circular cylinder under gravity. Finally, the
motion of particles carried by an incompressible fluid in a microchannel system is studied.

INTRODUCTION
Solid–fluid flows are found in many engineering processes. The solid–fluid
motions can be classified into two categories, discrete particulate flows and
interrelated continua. The first type of solid–fluid flows is encountered in fluidization
of solid fuel for combustion and separation of solid particles in flue gas using cyclones.
Although the number of solid bodies involved in these processes is large, the size of
the solid bodies is relatively small. In these situations, the interfaces between the phases
are not important and therefore are not treated. Discrete particulate flows have been
investigated in [1–3] for macrochannels and [4] for microchannels.
In the interrelated continua type of solid–fluid flow, the size of the solid particle is comparable to the size of the microchannel. These solid bodies are sufficiently
large that momentum is exchanged between the bodies and the flowing fluid. As a
result, the solid bodies affect the fluid flow significantly, and vice versa, resulting
in a transient process in which the motions of the solid bodies and the flow field
are strongly coupled. The flow field and the particulate flow must then be solved
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NOMENCLATURE
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semimajor axis of an ellipse
semiminor axis of an ellipse
coefficient of lift
coefficient of drag
diameter of a circular cylinder
elemental area
Dirac delta function
dimensionless eccentricity parameter
force
drag force
lift force
surface force
gravitational acceleration
body force
height of the domain
inertia tensor
unit vector in the z direction
length of the domain
mass of the solid body
unit normal at the interface
number of solid body
pressure
Reynolds number
time
torque
velocity component in the x direction
characteristic velocity
velocity vector

!
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~
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C
DV
e
h
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q
r
w
/
u
X
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X

velocity vector of the centroid of a solid
body
velocity component in the y direction
position vector
fluid property
dimensionless rotational parameter
solid–fluid interface
volume sandwiched between constant

/þ
i and /i surfaces
offset for the Dirac delta function
angle between the semimajor axis of an
ellipse and abscissa x
viscosity
density
stress tensor
parameter for the solid–fluid interface
signed distance function
parameter for the solid–fluid interface
z-component angular velocity
angular velocity vector

Subscripts
c
centroid of a solid body
f
fluid
i
solid body number
in
inlet condition
out
outlet condition
p
solid

simultaneously. Compared to single-phase flow in microchannels [5, 6], solid–fluid
flow in microchannels seems to receive little attention.
Methods for interrelated continua solid–fluid two-phase flows can be classified
into two broad categories. These are moving-mesh methods and fixed-mesh methods. In the moving-mesh methods, the solid–fluid interface is sharply described by
a boundary-conforming mesh [7–10]. The mesh boundary is made to coincide with
the solid–fluid interface. Appropriate solid–fluid interface conditions can be applied
directly at the exact location. This provides good accuracy for the implementation of
solid–fluid interface conditions. The mesh must follow the motion of the interface in
order to capture the interface properly for all times. As the solid moves, a new
boundary-conforming mesh is generated to capture the solid–fluid interface. Information is then transferred to the new mesh, on which further computations are
made.
In the fixed-mesh methods, as the name implies, a fixed grid is employed for the
whole computational domain for all times. Remeshing is therefore not required. This
is the main advantage of fixed-mesh methods. The solid bodies are considered to be
fluid with rigid body motions. Fixed-mesh methods include the fictitious domain
approach [11], the fictitious boundary method [12], and a modified Cartesian grid
method [13].
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This article presents an approach for simulation of the flows of multiple solid
bodies carried by an incompressible fluid using a finite–volume method [14]. A fixed
staggered grid is employed. A distance function is employed to identify the solid
bodies. The surface force and the associated torque induced by the flowing fluid
are evaluated through a volume integration utilizing the Dirac delta function.
The remainder of the article is divided into four sections. The mathematical
formulation of the present approach is presented first. In this section, the identification of the fluid–solid interfaces is detailed. With the fluid–solid interfaces identified, the governing equations are written for both fluid and solid bodies. Then,
the construction of the distance function and calculation of the resultant surface
force and torque on the solid bodies are given. The solution procedure and the relevant boundary conditions are presented to complete the mathematical formulation.
The numerical method used in this article is then discussed. This is followed by validation of the proposed method and presentations of the results for particles flowing
in a microchannel system. Finally, some remarks are given to conclude the article.
MATHEMATICAL FORMULATION
Figure 1 shows a ‘‘two-phase’’ problem in which N rigid solid bodies interact
with a fluid flowing between two parallel plates. Here, ‘‘two-phase’’ refers to solid
and fluid. The solid bodies are sufficiently large that momentum is exchanged
between the bodies and the flowing fluid. As a result, the solid bodies affects the fluid
flow significantly, and vice versa, resulting in a transient process in which the
motions of the solid bodies and the flow field are strongly coupled. The solid bodies
undergo both translational and rotational motions under the influence of these
forces.
Identification of the Solids
A local signed distance function /i is introduced to identify the fluid–solid
interface for each solid body. It is defined as the shortest signed normal distance
from the fluid–solid interface of that particular solid body. A global distance

Figure 1. Flow of solid bodies in a fluid between two parallel plates.
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Figure 2. Surfaces of constant signed distance function /.

function / can then be constructed by combining all the local distance functions to
represent the fluid–solid interface for all solid bodies. At the solid–fluid interfaces C,
/ ¼ 0. Surfaces of constant / around a typical solid body (dashed lines) are shown in
Figure 2. The solid line represents the solid–fluid interface C. In order to differentiate
the fluid region from the solid regions, / of the fluid region can be assigned either a
positive or a negative sign as long as / of the solid region has an opposite sign. For
ease of discussion and without loss of generality, / of the fluid region is assigned a
positive sign in this article. Therefore,
8
<< 0
/ð~
x; tÞ ¼ ¼ 0
:
>0

if ~
x 2 solid regions
if ~
x2C
if ~
x 2 fluid region

ð1Þ

where ~
x and t are the position vector and time, respectively. With this choice of sign
convention, the unit outward normal to the interface ^n can be expressed as
^
n ¼ r/

ð2Þ

Since / is a distance function, it satisfies jr/j ¼ 1. The construction of both local
and global signed distance functions will be detailed in a later section.

Continuity and Momentum Equations
In this article, an unsteady incompressible laminar flow is considered. The continuity and the momentum equations are
r ~
u¼0

ð3Þ

q~
u
1
m
þ~
u  r~
u ¼  rp þ r2~
u þ~
g
qt
q
q

ð4Þ
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where ~
u, ~
g, p, q, and m are the velocity vector, body force per unit mass, pressure,
density, and viscosity, respectively. These equations apply to the whole domain.
As such, q and m represent the density and viscosity appropriate for the phase
occupying the particular spatial location at a given instant of time. These properties
are expressed as

að/Þ ¼

/<0
/>0

ap
af

ð5Þ

where a can be either density or viscosity. The subscripts p and f denote solid bodies
and fluid, respectively. The solid bodies are modeled as a highly viscous fluid.
With this, the ‘‘fluids’’ in the solid regions behave as rigid bodies and are therefore
constrained to move with rigid body motions.

Solid Body Motion
The translational motion of the ith solid body is governed by

mi

!
d Ui ! !
¼ F i þ Gi
dt

ð6Þ

!
where mi and Ui are the mass and the translational velocity vector (of the centroid)
!
of the ith solid body. The resultant surface and the body forces are denoted as F i and
!
Gi , respectively. The rotational motion of the ith solid body is governed by
Ii

!
d Xi !
!
!
þ X i  Ii X i ¼ T i
dt

ð7Þ

!
where Ii and X i represent the inertia tensor and the angular velocity vector of the ith
!
body, respectively. The torque induced by the surface force is denoted as T i .
The location of the centroid and the orientation of the ith body in the course of
its motion are calculated through
xc;i
! d~
Ui ¼
dt

Xi ¼

dhi
dt

ð8Þ

ð9Þ

with the initial conditions of
~
xc;i ðt ¼ 0Þ ¼ ~
xc;io

ð10aÞ

hi ðt ¼ 0Þ ¼ hio

ð10bÞ
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Calculation of Surface Force and Torque on a Solid Body
!
The resultant surface force F i acting at the centroid of the ith solid body is
given by
!
Fi ¼

Z

r  ^n dA

ð11Þ

Ci

n are the interfacial area between the ith solid body and the
where Ci , dA, r, and ^
fluid, the infinitesimal interfacial area, the stress tensor, and the unit outward normal
of the interface, respectively. In this article, the surface integral is transformed into a
volume integral around Ci. Equation (11) is rewritten as
Z
!
Dð/i  eÞr  ^n dV
ð12Þ
Fi ¼
DV

where Dð/i  eÞ and DV are a Dirac delta function and the volume sandwiched
between the constant /i ¼ 0 and /i ¼ 2e surfaces. Note that /i is the local distance
!
function for the ith solid body. As a result, the resultant surface force F i [Eq. (11)] is
reformulated into an equivalent body force [Eq. (12)]. It now acts within a volume
defined by 0  /i  2e, rather than concentrating at the interface Ci . The integration
is performed over the fluid side of the interface because the force on the solid is
exerted by the fluid flowing next to the solid. The Dirac delta function Dð/i  eÞ
is defined such that

0  /i  2e
Dð/i  eÞ ¼ ð1 þ cos½pð/i  eÞ=eÞ=ð2eÞ
ð13Þ
0
otherwise
where e is a parameter proportional to the mesh size. It is taken to be the smallest
length of the control volumes. The distribution of Dð/i  eÞ is shown in Figure 3.

Figure 3. Distribution of Dð/i  eÞ across the solid–fluid interface Ci .
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The Dirac delta function Dð/i  eÞ has the following property:
Z



/þ
i

/
i

Dð/i  eÞd/i ¼

þ
/
i  0 and /i  2e

þ
þ
/i < /i  0 or 2e  /
i < /i

1
0

!
Similarly, the torque T i acting on the solid body is given by
Z
!
Ti ¼
Dð/i  eÞð~
x ~
xc;i Þ  r  ^n dV

ð14Þ

ð15Þ

DV

Construction of the Local (for the ith Solid Body) Signed
Distance Function /i
Suppose that there are N solid bodies in the domain at time t. Each solid body
is represented by a local distance function /i, i ¼ 1, . . . , N. For the ith solid body,
/i < 0 inside the ith solid body and /i > 0 outside the body.
Figure 4 shows an inclined elliptical body with its centroid located at ~
xc;i . It has
a major axis of 2a and a minor axis of 2b. The elliptical body is inclined at an angle hi
to the x axis. Surfaces of constant /i are shown in Figure 4 as dashed ellipses. Each
of these constant /i ellipse is at equal distance from the interface Ci . To calculate /i,
a new Cartesian coordinate Ox0 y0 is introduced. This coordinate is related to the
original coordinate Oxy via


x0
y0




¼

cos hi
sin hi

sin hi
cos hi

 
x
y

ð16Þ

¼1

ð17Þ

The constant /i ellipses are given by
ðx0  x0c Þ2
ða þ /i Þ2

þ

ðy0  y0c Þ2
ðb þ /i Þ2

Figure 4. Description of ith elliptical body using two different coordinate systems.
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where ~
x0c;i  ðx0 ; y0 Þ is the centroid of the body with respect to the Ox0 y0 coordinate
system. Circular objects can be modeled by setting a ¼ b.
Construction of the Global Signed Distance Function /
The global distance function / is constructed once all the local distance functions are obtained. The procedure for the construction of the global / is described
here.
1.
2.
3.
4.
5.
6.
7.
8.

Set the solid index i to 1.
Calculate ~
x0c;i using Eq. (16).
Select a control volume P and calculate ~
x0P;i corresponding to ~
xP;i using Eq. (16).
Solve Eq. (17) for /i (for the selected control volume P).
Repeat steps 3 and 4 for all control volumes.
If i ¼ 1, set / ¼ /i .
Set / ¼ MIN½/; /i .
Repeat steps 2–7 for all N solid bodies.
Boundary Conditions

At the inlet, the normal velocity is set to the inlet velocity uin while the tangential velocity is set to zero. No-slip condition is applied at the bounding walls. At the
outlet, the normal velocity is calculated to ensure mass conservation, while the axial
gradient of the tangential velocity is set to zero.
The interface Ci of every solid body serves as the moving boundary for the
fluid. The condition at the moving boundary Ci is imposed in the following manner.
An inner layer of the ith solid body, defined as e  /i  0 (the shaded region
in Figure 3), is set to be in rigid body motion. The velocities in this region are
specified as
!
^  ð~
~
x ~
xc;i Þ
u ¼ U i þ Xi k

ð18Þ

where the first and the second terms on the right represent the translational and the
rotational motions, respectively. The velocity in the remaining region of the solid
body defined by /i < e is forced to be zero. The setting of the velocity in these
two regions of the solid body is achieved using the internal control-volume approach
of Patankar [14]. This somewhat clumsy implementation of the particle motion using
a two-region solid is presented so that future extension to model slip velocities
(of unequal magnitude) can be implemented easily.
Solution Procedure
The whole solution procedure can be summarized as follows.
1. Define ~
xc;io and hio for i ¼ 1; . . . ; N.
2. Construct the local /i and global /.
3. Calculate q and m using Eq. (5).
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4. Solve Eqs. (3) and (4) for ~
u and p.
!
!
5. Calculate F i and T i for i ¼ 1; . . . ; N using Eqs. (12) and (15).
6. Calculate ~
xc;i and hi for i ¼ 1; . . . ; N using Eqs. (8) and (9).
Repeat steps 2–6 for all time steps.

NUMERICAL METHOD
In this article, the finite-volume method (FVM) of Patankar [14] is used to
solve the governing equations. Since a detailed discussion of the FVM is available
in [14], only a very brief description of the major features of the FVM used is given
here.
In the FVM, the domain is divided into a number of control volumes such that
there is one control volume surrounding each grid point. The grid points are located
in the centers of control volumes. The governing equation is integrated over each
control volume to derive an algebraic equation containing the grid-point values of
the dependent variable. The discretization equation then expresses the conservation
principle for a finite control volume just as the partial differential equation expresses
it for an infinitesimal control volume. The resulting solution implies that the integral
conservation of quantities such as mass, momentum, and energy is satisfied for any
control volume and, of course, for the whole domain. The power-law scheme is used
to model the combined convection-diffusion effect in the transport equations. The
SIMPLER algorithm is used to resolve the pressure–velocity coupling. The resulting
algebraic equations are solved using a line-by-line tri-diagonal matrix algorithm.

RESULTS AND DISCUSSION
The proposed approach is validated using (1) flows around stationary, (2) flow
around forced rotating, and (3) flow around freely rotating circular cylinders.
Further validation is made for the case of a settling circular cylinder under gravity.
With these validations, the flow of particles in a microchannel system is then considered. The Reynolds number, Re, the lift coefficient, CL, and the drag coefficient,
CD, are defined as
Relc ¼

quc lc
m

ð19aÞ

CL ¼

2FL
qu2c lc

ð19bÞ

CD ¼

2FD
qu2c lc

ð19cÞ

where uc and lc are the characteristic velocity and the characteristic length,
respectively.
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Flow around Circular Cylinders
Figure 5a shows a circular cylinder of diameter d, centered at (xc, yc) in a twodimensional channel. The length and height of the channel are L and H, respectively.
The average inlet velocity of the fluid is um. The moving fluid exerts a drag force FD
and lift force FL on the cylinder.
The drag forces on flow around a stationary and a nonrotating cylinder in an
infinite domain subjected to a uniform inlet velocity are predicted. Both the length L
and height H are set to 200 times the diameter d to simulate an infinite domain.
Nonuniform mesh with finer mesh clustered around the cylinder is used to capture
the flow field near the cylinder. The predictions obtained using the proposed

Figure 5. (a) Flow around a circular cylinder in a two-dimensional channel. (b) Sedimentation of a circular
cylinder between parallel plates.
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Table 1. CD for flow around a stationary cylinder
Re

Present

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

1
10
20
40

11.596
2.855
2.065
1.547

—
2.81
2.01
1.54

—
2.78
2.01
1.51

9.94
2.67
2.08
1.73

—
—
2.05
1.52

—
—
2.03
1.52

—
—
2.22
1.48

11.00
3.15
2.36
1.85

12.55
—
—
—

approach are tabulated in Table 1. The present predictions compare well with available results [15–22] up to Re ¼ 40.
The same problem is repeated, but now with the cylinder rotating at a constant
angular velocity X. In addition to the Reynolds number Re, a dimensionless angular
velocity b ¼ Xd=(2um) is defined to characterize the flow. Table 2 shows comparisons
between the current predictions and available data. As expected, the angular rotation
generates a nonzero lift force leading to a nonzero CL. The present solutions compare well with those obtained from the full Navier-Stokes (NS) equations [23] and
using series expansion (SE) [24] solutions.
In the next problem, a stationary (nontranslating) cylinder is placed off-center
with an eccentricity e ¼ (2yc H)=(Hd) between two parallel plates. The length L,
height H, and xc are 27.5d, 4d, and 7.5d, respectively. Fully developed flow enters the
channel at x ¼ 0. The characteristic velocity and characteristic length are the
maximum inlet velocity (at y ¼ H=2) and the diameter of the cylinder, respectively.
As the cylinder is placed eccentrically, lift force and torque are generated. Two
situations, (1) fixed (nonrotating) cylinder and (2) freely rotating cylinder, are investigated. Table 3 shows comparisons between the present computations and available
results of [25]. Again, the lift and drag coefficients match available solutions well
for both cases. The dimensionless angular velocity b for both cases is also tabulated
for completeness.
Thus far, the procedure is capable of a modeling stationary (nontranslating)
cylinder which rotates about a fixed stationary axis. The proposed procedure is
now used to model translation and rotation.

Table 2. CL and CD for flow around a forced rotating cylinder
CD

CL
Re

b

NS [23]

SE [24]

Present

NS [23]

SE [24]

Present

5
5
5
20
20
20
60
60
60

0
0.5
1.0
0
0.5
1.0
0
0.5
1.0

0
1.389
2.838
0
1.283
2.617
0
1.109
2.249

0
1.384
2.768
0
1.271
2.541
0
1.085
2.170

6.5  1013
1.3979
2.8142
2.1  1014
1.2653
2.5618
3.3  1012
1.0591
2.1983

3.947
3.916
3.849
1.995
1.973
1.925
1.279
1.251
1.207

3.947
3.929
3.875
1.995
1.959
1.886
1.279
1.264
1.219

4.1239
4.0917
3.9958
2.0512
2.0164
1.9138
1.3094
1.2812
1.1876
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Table 3. CL and CD for flow around a cylinder (Re ¼ 100, e ¼ 5=6)
CD

CL
Cylinder
Fixed
Freely rotating

b

[25]

Present

[25]

Present

0
0.07497

0.3798
0.4644

0.37383
0.46332

0.9440
0.8949

0.93407
0.88416

Sedimentation of a Circular Cylinder
Figure 5b shows the schematic of the problem. A circular cylinder of diameter d
is placed at (0, yc) between two parallel plates spaced 4d apart. The cylinder, which is
heavier than the fluid, is initially at rest. When it is released, it travels downward due
to gravity. It will eventually reach its terminal velocity ut. The diameter of the cylinder and its terminal velocity are the characteristic length and the characteristic velocity, respectively. The trajectories of the cylinder (Re ¼ 0.522) released at different
lateral locations off the centerline are shown in Figure 6. The results from the present

Figure 6. Settling trajectories of a circular cylinder under gravity for Re ¼ 0.522.
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computation compare well with those reported in the literature [8]. The slight differences between the two solutions are due to the significantly enlarged horizontal axis.
As seen, the cylinder drifts toward the centerline for the Re studied.
Flow of Particles in a Microchannel System
Figure 7 shows a microchannel system with two inlets (A and B) and two outlets (C and D). A primary stream of carrier fluid flows into the system via inlet A.
Another secondary stream of carrier fluid carrying solid particles is injected into
the primary stream through inlet B. The fluid merges, flows through a constriction,
and exits through one of the two outlets (C and D). The motion of the particle is
determined by the resultant force due to hydrodynamics and inertia effects. The inertia of the particle acts to maintain its original course and the hydrodynamic force
steers the particle to travel along the streaklines. Therefore, as the inertia of the particle increases, the motion of the particle deviates from the streakline of the carrier
fluid. Depending on the flow condition, particle size, etc., a particle can exit through
either of the exits.
The motion of a single circular solid particle is considered first. The solid
particle, initially located at (xc, yc), is at rest. Water, with a density and a viscosity
of 1,000 kg=m3 and 0.001 Ns=m2, respectively, is used as the carrier fluid. The inlet
velocities uA and uB are set to 1,000 mm=s and 4,000 mm=s, respectively.
The motion of a 30-mm-diameter aluminum particle initially located at
(140, 104) is investigated. Figure 8 shows the trajectories of the particle obtained using
a time-step size of Dt ¼ 2.50  10 5 s with 151  118 control volumes (CVs) and
Dt ¼ 1.25  10 5 s with 302  236 CVs. The locations of the particle for every
1.25  10 2 s are shown for comparison purposes. It can be seen that a time-step size

Figure 7. Schematic for flow of a solid particle in a microchannel system.
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Figure 8. Grid-independence study.

of Dt ¼ 2.50  10 5 s with 151  118 CVs produces a grid-independent solution. As a
result, all subsequent computations are performed using this time step and mesh size.
As expected, the particle gains speed (particles spaced farther apart for a fixed
Dt of 1.25  10 2 s), reaching a maximum velocity inside the constriction. As the
flow bifurcates and leaves through the two exits, the particle slows down and travels
toward exit C.
Figure 9 shows the effect of particle size on its trajectory. Initially, aluminum
particles of two different diameters, 30 mm and 50 mm, are placed at (137, 104). The

Figure 9. Effect of particle size on its trajectory.
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Figure 10. Effect of particle density on its trajectory.

particles travel along two different trajectories. The 30-mm and 50-mm particles are
carried by the carrier fluid to outlet C and outlet D, respectively. The locations of
the particle for every 2.5  10 2 s are shown for comparison purposes.
Figure 10 shows the effect of particle density on its trajectory. The particles are
initially placed at (140, 104). The densities of the particles are set to 2,700 kg=m3
(aluminum) and 8,960 kg=m3 (copper). The hydrodynamic force on these particles
of different densities but of identical size does not vary much. However, a denser

Figure 11. Trajectories of three particles flowing in a microchannel system.
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particle implies a larger mass. The acceleration caused by the same hydrodynamic
force on a denser particle is therefore smaller. As a result, denser particles move with
a lower velocity and take longer to reach the outlet. This effect is more obvious after
the particles enter the T junction.
Figure 11 shows the trajectories of three copper particles flowing in the microchannel system. There are two circular particles and an elliptical copper particle. A
30-mm-diameter circular particle is initially located at (125, 32.5). A larger (35-mmdiameter) circular particle is initially located at (163, 71.5). The major and minor axes
of the elliptical particle are 45 and 30 mm, respectively. This elliptical particle is initially
located at (135, 117). All three particles are initially at rest. The larger circular
particle and the elliptical particles are driven to outlet C, while the smaller circular
particle is carried to outlet D. The positions of these particle at eight time steps,
t ¼ 0 s, 0.025 s, 0.050 s, 0.075 s, 0.100 s, 0.125 s, 0.150 s, and 0.1675 s, are shown. The
velocity of these particles is highest when they are flowing through the constriction.
CONCLUDING REMARKS
In this article, particle transport in microchannels has been modeled using a
fixed-grid method. This article focuses on situations in which the particles are of
comparable size to the microchannels. In such situations, the particle affects the fluid
flow field and vice versa. The method was validated using (1) flow around stationary,
(2) flow around forced rotating, (3) flow around freely rotating circular cylinders,
and (4) a circular cylinder settling under gravity. It was then used to model particle
flow in a microchannel system. The method presented here can be used to model
particle transport in microchannels and particle separation process.
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